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Interactive Airfoil Calculations with Higher-Order
Viscous-Flow Equations

D. W. Zingg* and G. W. Johnstont
University of Toronto Institute for Aerospace Studies, Toronto, Ontario, M3H 5T6 Canada

A critical examination of the use of higher-order viscous-flow equations in the computation of airfoil flowfields
with a viscid-irtviscid interaction scheme is presented. Comparisons are made between experimental data and
interactive solutions obtained using the boundary-layer equations, the second-order boundary-layer equations,
and the Navier-Stokes equations, with corresponding approximations to the viscid-inviscid matching conditions,
for flows about symmetric and aft-loaded airfoils. In all cases, the viscous solution is coupled with a potential-
flow solution. The results are restricted to attached, incompressible flow. An important feature of the comparisons
is that the numerical algorithm, computational grid, and turbulence model are the same for all of the comr
putations. Consequently, the effects of the higher-order terms can be studied separately from the influence of
these factors. Detailed comparisons of computed and experimental results show that normal pressure gradients
can be significant in the shear layers near the airfoil trailing edge and that the boundary-layer equations
underestimate the boundary-layer growth in this region. The higher-order terms in the viscous-flow equations
do not affect the lift and moment predictions but lead to significantly higher predictions of drag.

Introduction

N UMERICAL algorithms for the computation of viscous
flows can be divided into two categories: global proce-

dures that solve viscous equations throughout the domain and
interactive procedures that couple separate viscous and in-
viscid solutions. The interactive approach is usually more ef-
ficient but is less general. Typically, the boundary-layer equa-
tions are solved in the shear layers. These equations, which
are a first-order approximation to the Navier-Stokes equa-
tions for high Reynolds number, neglect the normal pressure
gradient. However, toward the trailing edge of an airfoil sec-
tion, where the turbulent boundary layer is thick and the
streamline curvature may be high, the normal pressure gra-
dient in the viscous layers can be significant. Consequently,
the generality of interactive procedures can be improved
by solving higher-order viscous-flow equations in the shear
layers.

Accurate calculation of the flow in the trailing-edge region
of an airfoil requires the inclusion of higher-order terms in
both the viscous-flow equations and the viscid-inviscid match-
ing conditions. In particular, the normal pressure gradient
must be .represented through some form of the normal-
momentum equation. Commonly used higher-order approx-
imations to the Navier-Stokes equations include the thin-layer
Navier-Stokes equations, the partially-parabolized Navier-
Stokes equations,1 and the reduced Navier-Stokes equations.2

All of these approximations neglect streamwise gradients of
the viscous and turbulence terms in the Reynolds-averaged
Navier-Stokes equations. All inviscid terms are retained.
Therefore, the upstream transport of information associated
with streamwise diffusion is neglected, but the upstream in-
fluence of the pressure field is retained. The first-order bound-
ary-layer equations, being parabolic, neglect all forms of up-
stream influence other than convection. The second-order
boundary-layer equations for laminar flow3 are also parabolic,
whereas the turbulent form4'5 is parabolic if streamwise gra-
dients of turbulence terms are neglected. The upstream in-
fluence associated with convection in reversed-flow regions is
not an elliptic effect and is retained in all of the equations.
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There are three primary sources of error in the computation
of airfoil flowfields: numerical errors arising from inadequate
resolution or unsuitable grids, turbulence modeling errors,
and errors arising from the use of approximate forms of the
Navier-Stokes equations. Interactive boundary-layer proce-
dures are generally less prone to numerical error than global
procedures for the Navier-Stokes equations. Turbulence mod-
eling errors are important in both interactive and global pro-
cedures, particularly for separated flows. When numerical
solutions are compared with experimental data, which are also
subject to error, it can be difficult to distinguish between
errors from these various sources. Calculations and measure-
ments of turbulent trailing-edge flows are reported in Refs.
6-10. The measurements confirm the presence of substantial
normal pressure gradients on the aft portion of the suction
surface and in the near wake of a lifting airfoil, even under
unseparated flow conditions. Comparisons of Reynolds-
averaged Navier-Stokes solutions with experimental data sug-
gest that accurate representation of the viscid-inviscid inter-
action is of primary importance for attached flows, whereas
detailed turbulence modeling is required for separated flows.

Comprehensive reviews of procedures for the computation
of airfoil flowfields, emphasizing viscid-inviscid interaction
procedures, can be found in Refs. 11-13. These reviews and
the compilations in which they are contained include many
examples of viscid-inviscid interaction procedures for calcu-
lating separated flows about airfoils. Semi-inverse and quasi-
simultaneous coupling procedures are generally used, with
the latter being more robust and efficient. Interactive pro-
cedures with higher-order viscous-flow equations are pre-
sented in Refs. 14-17.

References 18-20 present comparisons between an inter-
active procedure that couples separate boundary-layer and
potential-flow solutions and £ global procedure that solves
the thin-layer Navier-Stokes equations. The interactive pro-
cedure is considerably more accurate than the global proce-
dure. However, the comparisons are inconclusive primarily
because the global solutions are grid dependent. A similar
comparison is reported in Ref. 21 for a separating trailing-
edge flow.

The purpose of the present study is to quantify the effects
of normal pressure gradients and other higher-order terms on
the calculation of attached, incompressible, turbulent flow
about an airfoil and, furthermore, to establish the merits and
limitations of the second-order boundary-layer equations iri
this context. Comparisons are made between experimental
data and interactive solutions obtained using the boundary-
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layer equations, the second-order boundary-layer equations,
and the Navier-Stokes equations, with corresponding ap-
proximations to the viscid-inviscid matching conditions. The
Navier-Stokes equations are solved using an iterative march-
ing scheme that accounts for the upstream influence of the
pressure field only, neglecting the upstream influence due to
viscous and turbulent diffusion. In all cases, the viscous so-
lution is coupled with a potential-flow solution. An important
feature of the comparisons is that the numerical algorithm,
computational grid, and turbulence model are the same for
all of the computations. Consequently, the effects of the higher-
order terms can be studied separately from the influence of
these factors. Further details of the present study can be found
in Ref. 22.

Governing Equations
Viscous Flow

This section presents the Navier-Stokes equations and the
first- and second-order boundary-layer equations for two-
dimensional, steady, incompressible flow. Physical variables
are used with an orthogonal, curvilinear, body-fitted coor-
dinate system, in which s is the distance along the surface,
the n coordinate lines are straight and normal to the surface,
and u and y are the corresponding velocity components. The
curvature K(S) is positive for a convex surface and h = 1 +
nK(s). Pressure and the fluid density are given by p and p,
respectively. The kinematic viscosity is given by v. The primes
denote a fluctuating component of velocity, and an overbar
denotes a time average. With these definitions, the Reynolds-
averaged Navier-Stokes equations are23

uus v(hu)n

",.+ (hv)n = 0

= vh{h'l[(hu)n - vs]}n

(la)

- (u'2)s - h(u'v')n - 2Ku'v' (Ib)

uvs + hvvn - M2 + (hpjp) = - vh{h~ l[(hu)n - vs}}s

~h(v'2)n - (U'V'\ - K(V'2 - U'2 (1C)

The boundary-layer approximation is based upon an asymp-
totic expansion of the Navier-Stokes equations for high Rey-
nolds number. The classical (first-order) boundary-layer
equations, obtained by retaining terms of relative order unity,
are

us + vn = 0 (2a)

uus + vun + (ps/p) = vunn - (u'v'\ (2b)

Pn = 0 (2C)

All curvature terms are seen to be of higher order.
The second-order turbulent boundary-layer equations are

us + (hv\ = 0

uus + v(hu)n + (p,/p)

= v(hunn + KMn) - (u'2), - fc(MV)n

-KW2 + (pn/p) = ~(72)n

(3a)

(3b)

(3C)

The second-order normal-momentum equation is valid only
for very thin boundary layers in which the streamline cur-
vature is roughly constant. However, its range of validity can
be extended by using a representative mean value of the cur-
vature.

Viscid-inviscid Matching Conditions
In order to account for viscid-inviscid interactions, the in-

viscid solution must be required to satisfy matching conditions
associated with displacement and curvature effects. The dis-
placement effect is associated with the displacement of the
in viscid streamlines caused by the boundary layers and wake.
In its exact form, the displacement condition requires that the
normal velocities given by the viscous and inviscid solutions
must be equal at the edge of the boundary layer, i.e.,

(4)

where the subscript / denotes the inviscid solution and the
subscript e denotes the boundary-layer edge, defined by n =
8(5). The location of the boundary-layer edge is determined
by the viscous solution procedure using a criterion based pn
the velocity gradient.22

The displacement effect can be incorporated through either
the solid-body model or the transpiration model. Only the
latter model is presented here. In the transpiration model,
the inviscid solution is continued to the body, and the match-
ing condition is applied at the surface. The continuation of
the inviscid solution into the viscous region is referred to as
the equivalent inviscid flow. The generalized displacement
thickness is defined as13

6

8* = — J (u, - u) dn (5)

In order to satisfy Eq. (4), the equivalent inviscid flow must
satisfy the following surface boundary condition:

(6)

where the subscript 0 denotes the surface of the body. The
first-order approximation to the generalized displacement
thickness is found by assuming that the streamwise velocity
given by the equivalent inviscid solution is constant in the
boundary layer. With this assumption, Eq. (5) becomes

(7)8f = l - f dn

A second-order definition of the displacement thickness can
be derived by assuming a linear variation of ui in the boundary
layer. Expanding ut as a Taylor series about the boundary-
layer edge gives

(8)dn (8 - n) + G>(82)

In irrotational flow, the normal gradient of ut can be related
to the streamline curvature by the following expression:

ue dn (9)

Substituting Eqs. (8) and (9) into Eq. (5) gives the following
expression for the second-order displacement thickness:

52* = 8? + (K,,82/2) (10)

This form of the second-order displacement thickness is not
unique; a slightly different form is given by Lock.13 In both
cases, the inviscid streamline curvature is treated as constant
in the boundary layer. Analogous to the second-order normal-
momentum equation, improved accuracy can be obtained in
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regions where the curvature varies within the boundary layer
by using a representative mean value of the normal gradient
of Uf.

The wake curvature effect arises because the normal pres-
sure gradients in the viscous solution in a curved wake are
lower than those in the equivalent inviscid solution. In order
that the pressure change across the wake in the equivalent
inviscid solution be equal to that in the viscous solution, a
discontinuity is required in the equivalent inviscid pressure.
When normal pressure gradient terms are retained in the
viscous equations, the pressure change across the wake can
be determined directly from the viscous calculation, and hence
the required discontinuity in the equivalent inviscid pressure
can be found. When the first-order boundary-layer equations
are used, the discontinuity in the equivalent inviscid pressure
can be approximated by assuming that the streamline cur-
vature is constant in the wake. With this assumption, the
required discontinuity in the equivalent inviscid pressure A/?,
can be determined by integrating the normal momentum
equation across the wake, giving

. = -Kpi£(8*w + (11)

where 6 is the momentum thickness, the subscript w indicates
the wake, and uw is the mean of the stream wise velocities at
the upper and lower edges of the wake. An alternative pro-
cedure is to split the wake into upper and lower portions. The
discontinuity in the equivalent inviscid pressure can then be
determined such that the inviscid pressure a distance (8f +
6)M above the wake centerline is equal to the inviscid pressure
a distance (8f + 9)7 below the wake centerline, where the
subscripts u and / denote the upper and lower portions of the
wake, respectively. With the assumption of constant curva-
ture, this condition is equivalent to Eq. (11) to first order.
The Kutta condition is enforced by applying the wake cur-
vature condition at the trailing edge.

ciated with stream wise stress gradients is neglected, although
the streamwise stress gradient terms are retained. The up-
stream influence of the pressure field is retained in the Navier-
Stokes calculation because centered differences are used for
the streamwise derivatives in the normal-momentum equa-
tion. Therefore, the calculation of the pressure from the nor-
mal-momentum equation at a given streamwise station re-
quires velocity and turbulence profiles from the next
downstream station, and hence the upstream influence of the
pressure field travels at the rate of one streamwise step per
iteration. In the second-order normal-momentum equation,
there are no streamwise derivatives and thus the second-order
boundary-layer equations permit no upstream influence from
the pressure field.

Toward the trailing edge, the streamline curvature associ-
ated with the rapid thickening of the boundary layer is large,
and therefore the surface curvature is not representative of
the mean streamline curvature in the boundary layer. The
present second-order calculations use the inviscid streamline
curvature at the shear-layer edge, determined from Eq. (9),
in the normal-momentum equation. This results in a good
approximation to the pressure change in the shear layer be-
cause the deviation of the curvature from the value at the
edge is largest near the surface, where the velocity is small.
The use of the curvature at the edge of the shear layer also
provides continuity in the normal pressure gradient between
the viscous and inviscid solutions. Near a trailing edge with
a finite wedge angle, this value of streamline curvature leads
to an underestimate of the pressure change through the shear
layer, since the streamline curvature tends to infinity at the
surface. An improved approximation can be obtained by pre-
scribing the variation in the curvature in the shear layer at
the trailing edge based on the variation of the curvature of
potential-flow streamlines near a corner, as follows22:

K = Kl-e/(«/8) (13)

Numerical Formulation
Viscous Flow

The viscous continuity and streamwise-momentum equa-
tions are solved using Keller's box method.24 The first-order
boundary-layer calculation requires a single sweep only, with
p(s,ri) = pe(s). When the second-order boundary-layer and
Navier-Stokes equations are solved, the box method is used
within an iterative procedure to include the pressure calcu-
lated from the normal-momentum equation. The Cebeci-Smith
algebraic turbulence model24 is used to determine the Rey-
nolds shear stress. The normal stresses are calculated as em-
pirical multiples of the shear stress, as follows:

u'2 = 3.5 I u'v' = 2.0 I u'v' (12)

The box method is also used for the turbulent wake calcu-
lation. The wake turbulence model given in Ref. 25 is used
to calculate the turbulent stresses in the wake.

The iterative procedure for the second-order boundary-
layer and Navier-Stokes equations proceeds as follows:

1) The continuity and streamwise-momentum equations are
solved simultaneously at each streamwise station with p(s,n)
known from the previous iteration.

2) Using the resulting velocity profiles, the pressure is de-
termined by numerically integrating the normal-momentum
equation.

The second-order boundary layer equations require one
such iteration per viscid-inviscid iteration. When the Navier-
Stokes equations are solved, three viscous iterations are per-
formed per viscid-inviscid iteration. Three iterations are used
because under relaxation is required for stability near the
trailing edge. In both cases, the pressure field is stored. Since
a marching procedure is used, the upstream influence asso-

Viscid-Inviscid Matching
Since the present procedures are restricted to attached flow,

the direct approach to viscid-inviscid matching is used. The
viscous and inviscid calculations are repeated iteratively until
a self-consistent solution is obtained. Since the steady incom-
pressible potential-flow equations are elliptic, the viscid-
inviscid iterations provide an additional mechanism for vis-
cous upstream influence. The inviscid solution is found using
the panel method of Ref. 26. On the airfoil, the displacement-
effect matching condition determines the inner boundary con-
dition for the inviscid solution. In the wake, the required
discontinuity in the inviscid normal velocity associated with
the displacement effect is provided by a line of sources located
on the trailing-edge streamline. Similarly, the discontinuity
in the inviscid pressure associated with the wake curvature
effect is provided by a line of vortices.

The second-order approximation to the displacement thick-
ness is given by Eq. (10), with the inviscid streamline cur-
vature at the boundary-layer edge replaced by a representa-
tive mean value, found from the following expression:

ue dn (14)

The mean value of the normal gradient of the inviscid stream-
wise velocity is given by

dn (15)

where n^ = 0.25 5. The use of such a representative mean
curvature in the expression for the second-order displacement
thickness provides a more accurate approximation to the gen-
eralized displacement thickness than that obtained using the
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in viscid curvature at the boundary-layer edge.22 When the
Navier-Stokes equations are solved in the shear layers, the
exact form of the displacement effect condition, Eq. (4), is
used.

The wake curvature condition requires that

Pou = Pol (16)

where p0u is the pressure at the trailing-edge streamline cal-
culated by integrating the normal-momentum equation from
the^ upper edge of the wake, and/?0/ is calculated by integrating
from the lower edge. When the first-order boundary equations
are solved, p0u and pol are determined as follows:

= />r(8l+e)u, Poi = P? = (Si+ 6)1 (17)

Similarly, the pressure at the surface is determined from the
equivalent inviscid pressure calculated a distance (St + 6)
from the surface when the first-order boundary-layer equa-
tions are solved. This pressure and the corresponding inviscid
velocity provide the outer boundary conditions for the first-
order viscous calculation. When the higher-order viscous
equations are solved, the pressure at the surface is determined
directly from the normal-momentum equation. The edge ve-
locity and pressure used in the higher-order viscous calcula-
tions are determined from the inviscid solution at n = 5.

Results and Discussion
In this section, computational and experimental results are

compared for a symmetric airfoil section and an aft-loaded
airfoil section. The symmetric airfoil studied is the RAE 101
section,27 which has a thickness-to-chord ratio of 10%. The
data presented for this airfoil were obtained at a chord Rey-
nolds number of 1.6 x 106 and a freestream Mach number
of less than 0.20. The aft-loaded airfoil studied is the NLF(l)-
04lfc section,28 which has a thickness-to-chord ratio of 16%.
The data for this airfoil were obtained at a chord Reynolds
number of 4.0 x 106 and a freestream Mach number of 0.10.
Standard wind-tunnel corrections have been applied to the
experimental data in both cases. The highest local value of
Mach number in the cases studied is roughly 0.35, and thus
compressibility effects are likely to be smaller than the ex-
perimental error. For the computations on the symmetric air-
foil j the location of the onset of boundary-layer transition was
determined such that the calculated and experimental values
of momentum thickness agree a short distance downstream
of the transition region. On the aft-loaded airfoil, measured
transition-point locations were used.

Computational results from four procedures are presented.
The first- and second-order procedures solve the first- and
second-order boundary-layer equations, together with the first-
and second-order approximations to the displacement effect,
respectively. The modified second-order procedure solves the
second-order boundary-layer equations using the prescribed
variation in the streamline curvature at the trailing edge, given
by Eq. (13), in the normal-momentum equation, together with
the second-order approximation to the displacement effect.
The Navier-Stokes procedure solves the Navier-Stokes equa-
tions and uses the exact form of the displacement effect match-
ing condition. All of the procedures use the same computa-
tional grid. The normal grid spacing nearest the surface in
the turbulent viscous calculation is equal to 1 x 10~5 chords.
The ratio of adjacent grid spacings is equal to 1.14; conse-
quently, 40 to 50 points are required in the boundary layer
at each stream wise station.

The computed variation of the pressure coefficient in the
boundary layer on the upper surface of the aft-loaded airfoil
at x'/c = 0.98686 is shown in Fig. 1. The pressure coefficient,
Cp, is defined as Cp = 2(p - l, x is the Cartesian
coordinate parallel to the airfoil chord, c is the airfoil chord
length, t/oo is the freestream speed, and a is the angle of attack.
The computed results agree qualitatively with the measure-
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Fig. 1 Computed pressure variation in the boundary layer on the
upper surface of the NLF(1)-0416 airfoil at xlc = 0.98686 with a =
0.01 deg.

ments of Nakayama.10 The second-order results are similar
to the Navier-Stokes results, indicating that the streamline
curvature is roughly constant through most of the boundary
layer at this station. The sign of the normal pressure gradient
corresponds to concave streamline curvature, which occurs as
a result of the rapid thickening of the suction-surface bound-
ary layer near the trailing edge.

Figures 2a and 2b compare the computed and measured
variation in pressure in the boundary layers at the trailing
edge of the symmetric airfoil. The apparent discontinuity at
n = 0 in Fig. 2b arises because the difference between the
local pressure coefficient, Cp, and the edge pressure coeffi-
cient, Cpe, is plotted. Thus, the difference shown at n = 0 is
equal to the difference in the pressure coefficients at the upper
and lower boundary-layer edges. The normal pressure gra-
dients correspond to concave streamline curvature due to the
finite trailing-edge angle. The second-order procedure under-
estimates the normal pressure gradients near the surface at
the trailing edge relative to both the experimental data and
the Navier-Stokes predictions, indicating that the streamline
curvature increases toward the surface. The modified second-
order procedure shows much better agreement with the ex-
perimental data, providing some confirmation of the appli-
cability of Eq. (13).

The computed pressure variation in the boundary layers at
the trailing edge of the aft-loaded airfoil is shown in Figs. 3a
and 3b. The modified second-order procedure predicts bound-
ary-layer separation at the trailing edge and hence is not shown.
The normal pressure gradient on the lower surface of the aft-
loaded airfoil corresponds to convex streamline curvature, in
contrast to that on the symmetric airfoil. This agrees with the
experimental data of Nakayama,10 who studied an airfoil with
little aft-loading and an airfoil with substantial aft-loading,
showing precisely the same trend. The difference in the pres-
sure coefficients at the upper and lower boundary-layer edges,
shown as the difference at n = 0 in the figures, is much larger
on the aft-loaded airfoil. The second-order predictions for the
aft-loaded airfoil display better agreement with the Navier-
Stokes predictions than those for the symmetric airfoil, prob-
ably because the aft-loaded airfoil has a smaller trailing-edge
angle.

The computed boundary-layer characteristics on the upper
surface of the symmetric airfoil at an angle of attack of 4.09
deg are compared to the experimental values in Fig. 4. All
of the procedures underestimate both the displacement thick-
ness and the momentum thickness at the trailing edge. The
difference between computation and experiment in the pre-
diction of the boundary-layer characteristics at the trailing
edge is substantially reduced when the higher-order proce-
dures are used. The computed boundary-layer characteristics
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Fig. 2 Computed and experimental pressure variation in the bound-
ary layers at the trailing edge of the RAE 101 airfoil.
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Fig. 3 Computed pressure variation in the boundary layers at the
trailing edge of the NLF(1)-0416 airfoil.

on the aft-loaded airfoil at an angle of attack of 0.01 deg are
shown in Figs. 5 and 6. On the upper surface, the results agree
qualitatively with those for the symmetric airfoil. On the lower
surface, the results are somewhat different. The lower surface
of the airfoil has concave curvature on the last 20% of the
chord. At the trailing edge, the streamlines are convex, as
shown by Fig. 3. Therefore, the higher-order procedures pre-
dict values of displacement and momentum thickness which

are higher than the first-order predictions as the trailing edge
is approached, but they predict lower values right at the trail-
ing edge.

Computed pressure distributions for the symmetric section
are compared with experiment in Figs. 7a and 7b. The pres-
sure distributions computed using the Navier-Stokes proce-
dure are shown; the results of the other procedures are vir-
tually indistinguishable. The agreement with the experimental
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Fig. 4 Computed and experimental displacement and momentum
thickness distributions on the upper surface of the RAE 101 airfoil at
a = 4.09 deg.
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Fig. 5 Computed displacement and momentum thickness distribu-
tions on the upper surface of the NLF(1)-0416 airfoil at a = 0.01 deg.

0.003

0.002

0.001

0.000

— — — First -order
——— Second-order
———— Navier - Stokes

S*/c

0.75 0.80 0.85 0.90 0.95 100
X/C

Fig. 6 Computed displacement and momentum thickness distribu-
tions on the lower surface of the NLFU1-0416 airfoil at a = 0.01 deg.
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Fig. 7 Computed and experimental pressure distributions on the RAE
101 airfoil.

data is very good. Even though the first-order procedure
underestimates the displacement thickness on the suction sur-
face near the trailing edge, relative to the higher-order pro-
cedures, all of the procedures produce very similar pressure
distributions for both airfoils. This occurs because the first-
order approximation to the displacement thickness overesti-
mates the displacement thickness when the streamlines are
concave. Therefore, the error in the viscous calculation due
to the first-order approximation is cancelled to a large extent
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Fig. 8 Computed and experimental lift and moment coefficients for
the NLF(1)-0416 airfoil.

by the error associated with the first-order matching condi-
tion.

The computed lift and pitching moment coefficients for the
aft-loaded airfoil are compared to the experimental data in
Figs. 8a and 8b. No results are shown for the Navier-Stokes
procedure at angles of attack above 6.10 deg, since boundary-
layer separation is predicted. The three procedures produce
roughly equal predictions of lift and moment coefficients. The
computed moment coefficients agree well with the experi-
mental data, but the lift coefficients are overestimated. The
slope of the lift curve is well predicted, however, which sug-
gests that the experimental values of angle of attack could be
in error.

Figure 9 shows the drag coefficients computed for the aft-
loaded airfoil, in comparison with the experimental data. The
drag coefficients are computed by applying the Squire-Young
formula15 at a wake station 20% of the chord aft of the trailing
edge. This station lies sufficiently far aft of the trailing edge
that higher-order terms are negligible. Furthermore, at this
station, the wake shape factor is less than 1.3 in all of the
cases studied. Therefore, virtually no error is introduced by
the empirical relation between the edge velocity and the wake
shape factor upon which the Squire-Young formula is based.15

The computed drag coefficients are too low, particularly when

0.012

0.008

0.004

0.000

———— Experiment
— — — First-order
—— — Second-order
—— —— Navier-Stokes

0.20 0.60 1.00 140 1.80

Fig. 9 Computed and experimental drag polars for the NLF(1)-0416
airfoil.

the first-order procedure is used. The drag coefficients com-
puted using the higher-order procedures show better agree-
ment with the experiment, especially at high angles of attack.
The drag coefficients computed using the second-order pro-
cedure show good agreement with those computed using the
Navier-Stokes procedure.

Conclusions
A critical examination of the use of higher-order viscous-

flow equations in the computation of airfoil flowfields with a
viscid-inviscid interaction scheme has been presented. Com-
parisons were made between experimental data and solutions
obtained by solving the boundary-layer equations, the second-
order boundary-layer equations, and the Navier-Stokes equa-
tions, with corresponding approximations to the viscid-invis-
cid matching conditions, for flows about symmetric and aft-
loaded airfoils. The results are restricted to attached, incom-
pressible flow. An important feature of the comparisons is
that the numerical algorithm, computational grid, and tur-
bulence model were the same for all of the computations.
Consequently, the effects of the higher-order terms can be
studied separately from the influence of these factors.

The normal pressure gradients predicted by the higher-
order procedures are significant in the trailing-edge region of
both airfoils. Thus, the higher-order terms have a significant
effect on the boundary-layer and wake characteristics near
the trailing edge. The first-order procedure underestimates
the boundary-layer displacement and momentum thicknesses
on the upper surface near the trailing edge, relative to the
higher-order procedures. The higher-order terms do not sig-
nificantly affect lift and moment predictions but lead to higher
and more accurate predictions of drag. The drag coefficients
computed using the second-order procedure show good agree-
ment with the predictions of the Navier-Stokes procedure. A
modified second-order procedure has also been developed in
which the variation of the streamline curvature in the bound-
ary layer at the trailing edge is prescribed. Although this
procedure produces excellent agreement with experiment in
the variation of pressure in the boundary layers at the trailing
edge, it appears to predict boundary-layer separation pre-
maturely.
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